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Abstract. An n-FC ring is a left and right coherent ring whose left and 
right self FP-injective dimension is n. The work of Ding and Chen in IDC93I 
and |DC96) shows that these rings possess properties which generalize those 
of n-Gorenstein rings. In this paper we call a (left and right) coherent ring 
with finite (left and right) self FP-injective dimension a Ding-Chen ring. In 
case the ring is Noetherian these are exactly the Gorenstein rings. We look at 
classes of modules we call Ding projective, Ding injective and Ding flat which 
are meant as analogs to Enochs' Gorenstein projective, Gorenstein injective 
and Gorenstein flat modules. We develop basic properties of these modules. 
We then show that each of the standard model structures on Mod-R, when R 
is a Gorenstein ring, generalizes to the Ding-Chen case. We show that when R 
is a commutative Ding-Chen ring and G is a finite group, the group ring R[G] 
is a Ding-Chen ring. 



1. Introduction 

Non-commutative Gorenstein rings were defined and studied by Y. Iwanaga 
in |Iwa79| and |Iwa80| . Later Enochs and Jenda and coauthors defined and stud- 
ied the so-called Gorenstein injective, Gorenstein projective and Gorenstein flat 
modules and developed Gorenstein homological algebra. In |Hov02| we saw that 
this theory can be formalized in the language of model categories. There, Hovey 
showed that when i? is a Gorenstein ring, the category of i?-modules has two Quillen 
equivalent model structures, a projective model structure and an injective model 
structure. Their homotopy categories are what we call the stable module category 
of the ring R. There is also a third Quillen equivalent model structure called the 
flat model structure, as was shown in ^GHOQj . 

The point of this paper is to describe how the homotopy theory on modules over 
a Gorenstein ring generalizes to a homotopy theory on modules over a so-called 
n-FC ring, or what we call, a Ding-Chen ring. While an n-Gorenstein ring is a 
Noetherian ring with self injective dimension n, an n-FC ring is a coherent ring 
with self FP-injective dimension n. These rings were introduced and studied by 
Ding and Chen in [DC93J and [DC96j and seen to have many properties similar to 
n-Gorenstein rings. Just as a ring is called Gorenstein when it is n-Gorenstein for 
some natural number n, we will call a ring "Ding-Chen" when it is n-FC for some 
n. (The term FC ring is already taken! In the language of Ding and Chen, these are 
the 0-FC rings.) By now, the work of Ding and coauthors is sophisticated enough 
to readily show that each of Hovey's model structures generalizes to modules over 
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a Ding-Chen ring. In fact, Ding and Mao explicitly remark in [DM07| that one of 
these model structures (the one we call the injective model structure) must exist. 

We can describe the basic idea rather simply in terms of cotorsion pairs, which are 
intimately related to model category structures by [Hov02| . When i? is a Gorenstein 
ring, we have the class of "trivial" modules W, which are the modules of finite 
injective dimension. It turns out that a module is trivial iff it has finite projective 
dimension iff it has finite flat dimension. Hovey's injective model structure relies 
on the fact that (W, QT) is a complete cotorsion pair, where QT is Enochs' class of 
Gorenstein injective modules. In this model structure every module is cofibrant and 
Q2 makes up the class of fibrant modules. On the other hand, Hovey's projective 
model structure relies on the fact that {GV, W) is a complete cotorsion pair, where 
GV is Enochs' class of Gorenstein projective modules. In this dual model structure 
every module is fibrant, while GV makes up the class of cofibrant modules. When 
i? is a Ding-Chen ring, the class W of trivial modules is relaxed to consist of the 
modules of finite FP-injective dimension. It now turns out that a module is trivial 
iff it has finite flat dimension. Now the injective model structure relies on the fact 
that (W, T>X) is a complete cotorsion pair, where VX is the class of Ding injective 
modules (fibrant modules). On the other hand, the projective model structure relies 
on the fact that {T>V, W) is a complete cotorsion pair, where W is the class of 
Ding projective modules (cofibrant modules). Furthermore, when R is Noetherian, 
a Ding-Chen ring is automatically Gorenstein. In this case VX = GX and W = GV 
and our model structures coincide with Hovey's in [Hov0 2 . 

There is a similar result involving a flat model structure on modules over a 
Ding-Chen ring. In the process we introduce and look at first properties of Ding 
injective. Ding projective and Ding flat modules. They are the obvious general- 
izations of Gorenstien injective, Gorenstein projective and Gorenstein flat modules 
to the Ding-Chen ring case. However, during the writing of this paper the author 
was made aware that Ding injective modules have appeared in IDM08] under the 
name Gorenstein FP-injective modules, while Ding projective modules have ap- 
peared in [DLM09] under the name strongly Gorenstein flat modules. The author 
feels that the "Ding" names are quite fitting and illuminate the analogy with the 
homotopy theory of modules over a Gorenstein ring. 

The layout of the paper is as follows: In Section [2] we give definitions and review 
concepts which are basic to the rest of the paper. In Section [3] we introduce Ding 
modules and use techniques of Enochs and coauthors to show that Ding modules 
have properties analogous to Gorenstein modules. Similar results have appeared 
in [DM08] and [DLM09J. In Section [4] we define Ding-Chen rings and show the 
existence of the injective, projective, and flat model structures. This follows rather 
easily from the work of Ding and coauthors. In Section [5] we show that when R 
is a commutative Ding-Chen ring and G is a finite group, the group ring R[G] is 
a Ding-Chen ring. The model structures on R[G] are relevant for defining Tate 
cohomology. 

2. Preliminaries 

Throughout we assume all rings have an identity and all modules are unital. 
Unless stated otherwise, an i?-module will be understood to be a right i?-module. 
We denote the injective (resp. projective, resp. flat) dimension of an i?-module M 
by id(M) (resp. pd(M) resp. fd(M)). 
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If R is commutative and Noetherian and of finite injective dimension when viewed 
as a module over itself, then R is called a Gorenstein ring. When R is non com- 
mutative, Iwanaga extended the definition of Gorenstein rings as follows: R is (left 
and right) Noetherian and both id(fli?) and id(_Ri^) are finite. In this case Iwanaga 
showed that id(iji?) = id(_Rij), and if this number is n, we say R is n-Gorenstein. 
The book [EJOl] is a standard reference for Gorenstein rings and modules. 

In |DC93| and especially [DC96| . Ding and Chen extended this idea yet fur- 
ther by replacing (left and right) Noetherian with (left and right) coherence and 
replacing the (left and right) injective dimension of R with the (left and right) FP- 
injective dimension of R. The FP-injective dimension of a module was introduced 
by Stenstrom in [StenTOj and will be defined in Section [3l The rings introduced by 
Ding and Chen (called n-FC rings, or Ding-Chen rings) will be defined in SectionlH 
Examples of Ding-Chen rings include all Gorenstein rings, and the group rings of 
Section [HI Any von- Neumann regular ring is also a Ding-Chen ring. In particular, 
if R is an infinite product of fields, then i? is a Ding-Chen ring. Furthermore it 
follows from Theorem 7.3.1 of [GL89j that R[xi, X2, X3, ■ ■ ■ ,Xn] is a commutative 
Ding-Chen ring. Another example of a Ding-Chen ring is the group ring R[G] where 
R is an FC-ring and G is a locally finite group. See [Dam79j . 

A cotorsion pair (of i?-modules) is a pair of classes of modules (.4, B) such that 
= B and A = ^B. Here A^ is the class of modules M such that Ext^ (^, M) = 
for all A £ A, and similarly ^B is the class of modules M such that 'Ext]^ {M, B) = 
for all B Q B. Two simple examples of cotorsion pairs are (V^A) and {A,T) where 
V is the class of projectives, 2 is the class of injectives and A is the class of all 
-R-modules. A cotorsion pair {A, B) is said to have enough projectives if for any 
module M there is a short exact sequence 0— >i?^A^M— >0 where B € B and 
A £ A. We say it has enough injectives if it satisfies the dual statement. These 
two statements are in fact equivalent for the category of i?-modules. We say that 
the cotorsion pair is complete if it has enough projectives and injectives. Note that 
the cotorsion pairs {VjA) and {A,I) above are each complete. The book [EJOl] 
is also an excellent reference for cotorsion pairs. The equivalence of the enough 
injectives and enough projectives, although not difficult, is proved as Proposition 
7.1.7 in [EJOT] . 

The most well-known (nontrivial) example of a cotorsion pair is {J-, C) where J- 
is the class of flat modules and C are the cotorsion modules. A proof that this is a 
complete cotorsion theory can be found in [EJOlj . 

Definition 2.1. A cotorsion pair {A,B) is called hereditary if one of the following 
hold: 

(1) A is resolving. That is, A is closed under taking kernels of epis. 

(2) B is coresolving. That is, B is closed under taking cokernels of monies. 

(3) Ext^(A, B) =Q for any i?-modules A e A and B e B a.nd i > 1. 

See |EJ01| for a proof that these are equivalent. 

Complete hereditary cotorsion pairs are intimately related to abelian model cat- 
egory structures and we refer the reader to Theorem 2.2 of [Hov02| for the precise 
relationship. We end this section by proving a lemma that will be used frequently 
in the rest of the paper. 

Lemma 2.2. Let I be the class of injective modules andV he the class oj projective 
modules. If W is a coresolving class of objects containing I and (>V,W"'") is a 
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cotorsion pair, then W H W = I. On the other hand, if W is resolving and 
contains V and {^W, W) is a cotorsion pair then r\W = V. 

Proof. The two statements are dual. We prove the first one. Clearly Z C WnW"'-. 
On the other hand, let e W n W-^, and write O^W^->/->C->0 where / 
is injective. Since W contains the injectives and is coresolving, C must also be in 
W. Now Ext^(C, W) — 0, so the sequence must split. So is a summand of / 
proving W is injective. □ 



3. Ding modules 

In this section we consider modules we call Ding injective, Ding projective and 
Ding flat modules. Just as the Gorenstein modules play the role of fibrant and 
cofibrant objects in the model structures on modules over Gorenstein rings, the 
Ding modules play the role of fibrant and cofibrant objects over Ding-Chen rings. 
Ding injective and projective modules just appeared in the literature in [DM08| 
and |DLM09| respectively. 

Definition 3.1. A right _R- module E' is a called FP-injective if Ext)j(F, E) = for 
all finitely presented modules F. More generally, the FP-injective dimension of a 
right i?-module N is defined to be the least integer n > such that Ext^+^(F, N) = 
for all finitely presented right i?-modules F. The FP-injective dimension of N is 
denoted FP-id(A^) and equals oo if no such n above exists. 

These definitions were introduced in |Sten70] . There it is shown (Lemma 3.1) 
that for a (right) coherent ring, the notion of FP-id(iV) behaves analogously to 
id(A^). In particular, FP-id(7V) < n iff Ext^+^(F,7V) = for all finitely presented 
F iff Ext^+^(i?//,7V) = for all finitely generated (right) ideals of R iff the nth 
cosyzygy of any FP-injective coresolution of N is FP-injective. Note that the notion 
of FP-injective coincides with the notion of injective when R is Noetherian. 

3.1. Ding injectives. We now introduce and look at basic properties of Ding 
injective modules. They also appear in [DM08| as "Gorenstein FP-injective mod- 
ules" . We refer the reader to [DM08j for more results, including results concerning 
existence of covers and envelopes. 

Definition 3.2. We call a right i?-module N Ding injective if there exists an exact 
sequence of injective modules 

•••->/i->/o->/°-/i^--- 

with N = ker (/" —i- 1^) and which remains exact after applying IIom;j(£', — ) for 
any FP-injective module E. We denote the class of Ding injective modules by VT. 

Remark. By definition. Ding injective modules are Gorenstein injective. When R 
is Noetherian the two notions coincide. 

Lemma 3.3. If E is FP-injective and N is Ding injective then Ext^(i?, A^) = 
for each i >1. 

Proof. In the definition of Ding injective, N has an injective coresolution — * 
/"'^ • which remains exact after applying IIom/j(i?, — ) for any 

FP-injective module E. So Ext^(£', A^) = for each j > 1. □ 
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Proposition 3.4. A Ding injective module is either injective or has FP-injective 
dimension oo. 

Proof. Suppose N is Ding injective and Fixt^^{F, N) = for all finitely presented 
F. Let ^ TV -> /" -> /I -> • • ■ ^ /"-I -> E"" be exact with each P injective 
and E" = cok(/"^^ ^/"^^). It follows from the isomorphism Ext]^{F,En) = 
Ext^+\F,iV), that E" is FP-injective. Now 0->iV->/"->/i ->•••-> 
I^-'^ — > E" — > represents an element of Ext^(i?", iV), but this group equals 

by Lemma (231 Therefore the sequence is split exact and so iV is a direct sum of 

and so must be injective. □ 

Corollary 3.5. If the class of Ding injective right R-modules is closed under direct 
sums, then R is right Noetherian. 

Proof. Suppose the class of Ding injectives is closed under direct sums. Then since 
the class of FP-injective modules is always closed under direct sums by Corollary 2.4 
of [Sten70| . it follows that a direct sum of injectives must be both Ding injective 
and FP-injective. But then it must be injective by Proposition l3.4l So R is (right) 
Noetherian. □ 

3.2. Ding projectives. We now introduce a kind of dual notion, that of Ding 
projective module. To be more precise, we will see in Section[4]that the duality holds 
when i? is a Ding-Chen ring. Ding projective modules just appeared in [DLM09| 
as "strongly Gorenstein flat modules" . We refer the reader to |DLM09| for more 
results, in particular, for results concerning existence of covers and envelopes. 

Definition 3.6. We call a right i?-modulc M Ding projective if there exists an 
exact sequence of projective modules 

>Pi-r Pq^ P^ ^ P^ ^ ■■■ 

with M ^ ker {P° -> P^) and which remains exact after applying Homfl(— for 
any flat module F. We denote the class of all Ding projective modules by W. 

Remark. By definition. Ding projective modules are Gorenstein projective. For a 
general coherent ring i?, it follows from Proposition 10.2.6 of [EJOl] that a finitely 
presented module is Ding projective if and only if it is Gorenstein projective. Also, 
from Corollarv l4.6l the Ding projectives are exactly the Gorenstein projectives when 
i? is a Gorenstein ring. 

Lemma 3.7. // F is flat and M is Ding projective then Ext^(M, F) = for each 

1 > 1. 

Proposition 3.8. A Ding projective module is either projective or has fiat dimen- 
sion oo. 

Proof. Suppose M is Ding projective and fd(Af ) = n < oo. Then we can construct 
an exact sequence ^ F„ — > P„_i Pi ^ Pq ^ M ^ with each 

Pi projective and Fn = ker(P„_i — > Pn-2) flat. Then this exact sequence is an 
element of Ext^(Af, F„) which equals by Lemma Therefore the resolution is 
split exact and so M must be projective. □ 

Corollary 3.9. (1) If the Ding projective right R-modules are closed under di- 
rect limits then R is right perfect. 
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(2) If R is left coherent and the Ding projective right R-modules are closed un- 
der direct products then R is right perfect. 

Proof. Recall that a ring R is right perfect if and only if every flat right i?-module 
is projective. So by Lazard's theorem it follows that R is right perfect if and only 
if the class of projective right _R-niodules is closed under direct limits. Suppose 
the class of Ding projective right i?-modules is closed under direct limits. Then it 
follows that a direct limit of projectives must be both Ding projective and flat. But 
then it must be projective by Proposition 13.81 So R is right perfect. 

For the second statement use the results of S.U. Chase: First, a ring R is left 
coherent if and only if direct products of flat right i?-modules are flat. Second, a 
ring R is left coherent and right perfect if and only if direct products of projective 
right i?-modules are projective. Then the proof is similar to the last paragraph. □ 

3.3. Ding flats. One could introduce the notion of a "Ding flat" module but it 
turns out that they are nothing more than the Gorenstein flat modules. 

Definition 3.10. Call a left i?-module M Ding flat if there exists an exact sequence 
of flat modules 

> Fi-> Fn-> F" F'^ ^ ■■■ 

with M = ker {F^ — > F^) and which remains exact after applying E (S^n — for any 
FP-injective right i?-module E. 

The following result is a restatement of Ding and Mao's Lemma 2.8 of [DM08| . 

Proposition 3.11. A left R-module M is Ding flat if and only if it is Gorenstein 
flat. In this case A/+ is a Ding injective right R-module. The converse holds when 
R is a right coherent ring. 

We refer the reader to Theorem 5 of [DC96I for characterizations of Ding flat 
(i.e., Gorenstein flat) modules over Ding-Chen rings. 

Over a Gorenstein ring R, it is known that Gorenstein projective modules are 
Gorenstein flat. (See Corollary 10.3.10 of lEJOl].) However it is not known whether 
or not this holds over more general rings R. Affirmative answers have been given 
for some other types of rings. For example, see Proposition 3.4 of [HH04| . Of 
course, one could ask the analogous question: Are Ding projective modules Ding 
flat? While this is true when i? is a Ding-Chen ring, the following shows that it 
holds in much more generality. 

Proposition 3.12. Let R be a left coherent ring. Then any Ding projective right 
R-module M is Ding flat. 

Proof. Let M be a Ding projective right i?-module. By definition there is an exact 
sequence of projective right i?-modules 

> Pi-> Pa-^ P° ^ P^ ^ ■■■ 

with M = ker (P*' — > P^) and which remains exact after applying Homfl(— , F) for 
any flat right i?-module F. Let E be an FP-injective left i?-module. Since R is 
left coherent, E^ is a flat right i?- module by Theorem 2.2 of [FH72] . So applying 
Homfl,(— we get the exact sequence 

> Hom(P\ £:+) -> Honi(P", E+) -> Hom(Po, S+) -> Hom(Pi, P+) -> • ■ • 
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But this is naturally isomorphic to 

>{P^®R E)+ -> (P" ®R E)+ -> (Po ®R E)+ -> (Fi ®rE)+ 

Therefore ■ ■ ■ ^ Pi ®r E ^ Pq ®ji E ^ ®r E ®r E ■ ■ ■ \s exact, 

proving M is a Ding flat right i?-niodule. □ 

In considering the above results one is led to the following question which we do 
not have an answer for. 

Question. When i? is a Ding-Chen ring, are there Gorenstein injective modules 
that are not Ding injective? 

4. MODEL STRUCTURES ON MODULES OVER A DiNG-ChEN RING 

In [StenTOj . Stenstrom introduced the notion of an FP-injective module and stud- 
ied FP-injective modules over coherent rings. FC rings appear to have been intro- 
duced by Damiano in .Dam79j . These are the "coherent version" of quasi- Frobenius 
rings where Noetherian is replaced by coherent and self injective is replaced by 
self FP-injective. Finally, just as Gorenstein rings are a natural generalization of 
quasi-Frobenius rings. Ding and Chen extended FC rings to n-FC rings in [DC93| 
and [DC96j . Throughout this section modules are right _R- modules unless stated 
otherwise. 

Definition 4.1. A ring R is called an n-FC ring if it is both left and right coherent 
and FP-id(i?i?) = FP-id(i?i^) — n. Often we are not interested in the particular n, 
and so we say i? is a Ding-Chen ring if it is an n-FC ring for some n > 0. 

We note that Corollary 3.18 of [DC93| states that if R is both left and right 
coherent, and FP-id(Hi?) and FP-id(i?ii) are both finite, then FP-id(iji?) = FP- 
id(i?fl) . Ding and Chen go on to prove the following fundamental result, which 
is the key reason we have a homotopy theory on the category Mod-i? when i? is a 
Ding-Chen ring. 

Theorem 4.2. Let R be an n-FC ring and M be a right R-module. Then the 
following are equivalent: 

(1) fd{M) < oo 

(2) fd{M) < n 

(3) FP-id{M) < oo 

(4) FP-id{M) < n 

Due to Theorem 14.21 we can make the following definition. 

Definition 4.3. If i? is a Ding-Chen ring and M is an i?-module, we say that M 
is trivial if it satisfies one of the equivalent conditions of Theorem 14.21 We denote 
the class of trivial modules by W. 

Note that if a Ding-Chen ring R happens to be left and right Noetherian, then 
it is automatically Iwanaga-Gorenstein. In this case M G W iff id(M) is finite iff 
pd(M) is finite iff fd(M) is finite and in this case these dimensions all must be less 
than or equal to n. (See |Iwa79j or [EJOlj for a proof.) Furthermore, from the 
Remarks in Section [3l the Ding injectives coincide with the Gorenstein injectives 
and the Ding projectives coincide with the Gorenstein projectives. 
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Corollary 4.4. Let R be a Ding- Chen ring. Then the class W of trivial R-modules 
is a thick subcategory. This means W is closed under retracts and if two out of three 
terms in a short exact sequence are in W then so is the third. Furthermore W is 
closed under all filtered colimits, in particular transfinite extensions. 

Proof. Use Ding and Chen's Theorem 14.21 above along with properties of Ext to 
argue that W is a thick subctegory. The filtered colimits argument is exactly as 
Hovey proves on page 581 of |Hov02| . □ 

It is shown in Theorem 3.4 of [DM07| that (W,W^) is a complete cotorsion 
theory when i? is a Ding-Chen ring. It is clear that W contains X and is coresolving 
by Corollary 1131 So by Lemma [221 we have W n = 1. We see now that 
= VI. 

We note that in the particular case of when R is an n-FC ring, the authors 
of [DM07j call the modules in W"^ "n-cotorsion" modules. 

Corollary 4.5. Let R be a Ding-Chen ring and let W be the class of trivial modules. 
Then N is Ding infective if and only if N G W"'" . 

Proof. Suppose N is Ding injective. Let W eW. We wish to show F,xt]^{W, N) = 
0. Write a finite FP-injective coresolution 0—>M^—>i?"—>£'^— 
i?" — > 0. Then using Lemma [3.31 and dimension shifting we get Fixt]^{W,N) = 
Ext^+^(£;",7V) = 0. 

On the other hand suppose that N G W^. We wish to show that N is Ding 
injective. First take an injective coresolution of N as below. 

^ iV -> /" -> /I -> /2 • • ■ 

Note that since N £ W^, and (W,W"'") is a hereditary cotorsion pair, the kernel 
at any spot in the sequence is also in W"*". Next we use the fact that {W,W^) is 
a complete cotorsion pair to find a short exact sequence 0— ^X— >/o— >iV— >0 
where /q S W and K € . But Iq must also be in since it is an extension of 
two such modules. As noted before the statement of CoroUarv 14. 5i it follows that 
Lq is an injective module. Continuing with the same procedure on K we can build 
an injective resolution of N as below: 

> /i -> /o -> iV ^ 0. 

Again the kernel at each spot is in . Pasting this "left" resolution together with 
the "right" coresolution above we get an exact sequence 

.•.->/i->/o->/°->/i->--- 

of injective modules with N = ker (/° — > /^). This sequence satisfies the definition 
of N being a Ding injective i?-module since now }lomf({E, —) will leave the sequence 
exact for any FP-injective module E. □ 

We have a dual result as well. If i? is a Ding-Chen ring, then by Theorem 3.8 
of [DM05], (-""W, W) is a complete cotorsion pair. It is clear that W contains V 
and is a resolving class. So by Lemma [^T^ we have n W — V. We see now that 
-Lyv = VV. 

We note that in the particular case of when R is ti-FC, the authors of [DM05| 
call the modules in "rt-FP-projective" modules. 

Corollary 4.6. Let R be a Ding-Chen ring and let W be the class of trivial modules. 
Then M is Ding projective if and only if M G ^W. 
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Proof. Suppose M is Ding projective. Let W € W. We wish to show Ext^(Af, W) — 
0. Write a finite flat resolution — > F„ — > • • • — > i^i — > Fo — > — > 0. Then using 
Lemma O and dimension shifting we get Ext]j(M, W) = Ext^+^(M, F„) = 0. 

On the other hand suppose that M G -^W. We wish to show that M is Ding 
projective. First take a projective resolution of M as below. 

> P2 -> A -> i'o -> Af -> 

Note that since M g ^W, and (^W, W) is a hereditary cotorsion pair, the kernel 
at any spot in the sequence is also in -^W. Next we use the fact that (-""W, W) is 
a complete cotorsion pair to find a short exact sequence 0— »M— ^P^^C^O 
where G W and C G ^W. But must also be in -^W since it is an extension 
of two such modules. It follows that P'^ is a projective module. Continuing with 
the same procedure on C we can build a projective coresolution of M as below: 

-> M -> P° -> P^ p2 • • • . 

Again the kernel at each spot is in ^W. Pasting this "right" coresolution together 
with the "left" resolution above we get an exact sequence 

> Pi -> Po -> P° -> P^ ^ • • ■ 

of projective modules which satisfies the definition of M being a Ding projective 
P-module. □ 

We now state our results on the existence of three Quillen equivalent homotopy 
theories on modules over a Ding-Chen ring. 

Theorem 4.7. Let R be a Ding-Chen ring. Then there are two cofibrantly gen- 
erated abelian model structures on Mod-R each having W as the class of trivial 
objects. In the first model structure, each module is cofibrant while the fibrant ob- 
jects (resp. trivially fibrant objects) are the Ding injective modules (resp. injective 
modules). In the second model structure, each module is fibrant while the cofibrant 
objects (resp. trivially cofibrant objects) are the Ding projective modules (resp. pro- 
jective modules). We call the first model structure the injective model structure 
and the second the projective model structure. When R is Noetherian these model 
structures coincide with those in |Hov02j . 

Proof. VV nW = V and VI nW = I, and {VP, W) and (W, VI) are complete 
hereditary cotorsion pairs (each cogenerated by a set). So the result follows from 
Theorem 2.2 and Corollary 6.8 of [Hov02j. □ 

Remark. Note that if R is coherent and has weak dimension n < oo then R is 
automatically a Ding-Chen ring. However, in this case W is the class of all modules. 
So the model structures in Theorem 14.71 will be trivial. This has an analog in the 
Noetherian case: When R is Noetherian with global dimension n < oo then R is 
automatically a Gorenstein ring. However, the model structures are trivial. So we 
are interested in examples of Ding-Chen rings with infinite weak dimension. 

4.1. The fiat model structure. For any ring R, the class T of flat P-modules 
form the left side of a complete hereditary cotorsion pair C). The modules in C 
are called cotorsion modules. Similarly, when P is a Ding-Chen ring, the Gorenstein 
flat modules form the left side of a complete cotorsion theory, denoted {GJ-,QC). 
The modules in QC are called Gorenstein cotorsion modules. 
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Lemma 4.8. When R is a Ding-Chen ring, the Gorenstien flat left R-modules 
form the left side of a complete hereditary cotorsion pair {Q!F,QC). 

Proof. It is easy to show that QT is resolving by using Theorem 5 of [DC96| and 
arguing with the functors Torf^(i?, — ) where E is an arbitrary FP-injective right 
-R- module and i > \. A similar Tor argument will show that if — » P — > 
F/P — > is a pure exact sequence with F G QT, then F/P, and consequently P, 
are also in QJ^. Now an argument just like Proposition 7.4.3 of |EJ01| will show 
that {QJ-, QC) is cogenerated by a set and hence is complete. □ 

Theorem 4.9. If R is a Ding-Chen ring, there is a model structure on R-Mod in 
which the cofibrant objects are the Gorenstein flat modules, the fibrant objects are 
the cotorsion modules, and the trivial objects are the modules of finite FP-injective 
dimension. 

Proof. We know that (JF, C) and {QT, QC) are each complete hereditary cotorsion 
pairs. Again, let W denote the class of modules with finite FP-injective dimension. 
Using the results of |Hov02| . the only thing to check is that QT r\W = T and 
Cf\W = QC. It is clear that CQT^W. Recall that P is a fiat left P- module 
if and only if P+ = Homz(P, Q/Z) is injective as a right P-module. Thus, if 
P e W, P has finite flat dimension, so P+ has finite injective dimension. Also, by 
Theorem 5 of [DC96| . P is Gorenstein flat if and only if P+ is Gorenstein injective 
when P is a Ding-Chen ring. Since we know QX n W is the class of injectives, we 
conclude that P G QJ- n W implies P+ is injective. But this means that P must 
be flat. So T = gTr\W. 

Now by Proposition 13.121 it follows that VP C QJ^, and of course P C QJ^. So 
taking the right half of the associated cotorsion theories gives us QC C C n W. 
Now suppose AT G C n W. Since (5P, QC) is complete we can find a short exact 
sequence 0— >A— >C— >P— >0 where C £ QC and P G QT. Since both X and 
C are in W, so is P. By the last paragraph, we see that P G P, which makes 
0— i>A— >C— >P— >0 split and so A is a summand of C. Therefore A G QC. So 
Cr\W = QC □ 

5. Applications to group rings 

As we commented in Section|4]we are interested in examples of Ding-Chen rings 
with infinite weak dimension. A good example comes from considering group rings. 
These model structures are relevant for defining Tate cohomology. 

Proposition 5.1. Let R be a commutative Ding-Chen ring. Then the group ring 
R[G] is a Ding-Chen ring for any finite group G. 

Proof. First lets recall some things about the group ring R[G]. The ring inclu- 
sion P ^ R[G] induces, by restricting scalars, a functor U : Mod-P[G] — > P-Mod. 
The functor - ®r R[G] : P-Mod -> Mod-P[G] is left adjoint to U. On the other 
hand, Hom;j(P[G], — ) is right adjoint to U. (Here the right P[G]-module struc- 
ture on Homi^(P[G], M) is define by {fr){s) = f{rs).) Since G is finite we have 
Hom/j(P[G], M) = M P[G] as right P[G]-modules. Similarly, we have a for- 
getful functor V: P[G]-Mod -> P-Mod with left adjoint functor R[G] i^r ~ ^ 
Homi^(P[G], — ). (This time the left P[G]-module structure on Homfl(P[G],M) is 
define by (r/)(s) = f{sr).) 
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First we show that R[G] is right coherent. For any indexing set /, the product 
Yiiei is a flat i?-niodule by Chase's Theorem (Theorem 4.47 of |Lam99| ). Since 
— iS)R R[G] is left adjoint to an exact functor it preserves flat modules. Therefore 
(Oie/ -R) ®fl ^{^] is a flat right i?[G]-module. But since G is finite, — (S)r R[G] is 
also a right adjoint, so R) ®r R[G] = Yl^eAR ®R ^1^]) = n,e/ ^ 

flat right i?[G']-module. ft follows, again from Chase's Theorem, that R[G] is left 
coherent. Arguing on the other side with R[G] (E>r — shows R[G] is right coherent 
as well. 

Note that since G is finite, U preserves finitely generated modules. Since U is ex- 
act it also preserves finitely presented modules. Since Homfl(i?[G], — ) : i?-Mod — » 
Mod- i?[G] is also exact, one can prove 

Ext^(C/(M),7V) ^ Ext'^[G](M,HomflXi?[G'],iV)). 

From these two observations, it follows immediately that Homfl(i?[G], — ) preserves 
FP-injective modules. Now since R[G] is coherent and Kom ji{R[G], —) preserves 
FP-injective modules, it follows from Lemma 3.1 of [Sten7 0] that Hom/f (i?[G], — ) 
preserves modules of finite FP-injective dimension. Thus R[G] = Homj^(i?[G], i?) 
has finite right self FP-injective dimension whenever i? is a commutative Ding- 
Chen ring. Arguing on the other side with V and Homfl(i?[G], — ) : i?-Mod — > 
i?[G]-Mod we see that R[G] had finite left self FP-injective dimension whenever R 
is a commutative Ding-Chen ring. □ 

Damiano points out in [Dam79| the following result of Colby. A group ring R[G] 
is an FC ring if and only if R is an FC ring and G is a locally finite group. This 
raises the following question. 

Question. Let i? be a commutative ring. Is the group ring R[G] a Ding-Chen ring 
if and only if i? is a Ding-Chen ring and G is a locally finite group? 
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